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Abstract. We give a pedagogical introduction to the physics of large extra dimen- 
sions. We focus our discussion on minimal extensions of the Standard Model in which 
gauge fields may propagate in a single, compact extra dimension while the fermions are 
restricted to a 4-dimensional Minkowski subspace. First, the basic ideas, including an 
appropriate gauge- fixing procedure in the higher-dimensional context, are illustrated 
in simple toy models. Then, we outline how the presented techniques can be extended 
to more realistic theories. Finally, we investigate the phenomenology of different min- 
imal Standard Model extensions, in which all or only some of the SU(2)l and U(l)y 
gauge fields and Higgs bosons feel the presence of the fifth dimension. Bounds on the 
compactification scale between 4 and 6 TeV, depending on the model, are established 
by analyzing existing data. 

1 Introduction 

Why do we live in four dimensions? This fundamental question still cannot 
be answered. However, already at the beginning of the 20"^ century, Kaluza 
and Klein realized that the question itself may be ill posed. It seems more 
appropriate to ask instead: In how many dimensions do we live? 

From the modern physics point of view, a satisfactory answer to the above 
question may be found within the context of string theories or within a more 
unifiable framework, known as M theory. The reason is that string theories pro- 
vide the only known theoretical framework within which gravity can be quan- 
tized and so undeniably plays a central role in our endeavours of unifying all 
fundamental forces of nature. A consistent quantum-mechanical formulation of 
a string theory, however, requires the existence of additional dimensions beyond 
the four ones we experience in our every-day life. These new dimensions must 
be sufficiently small, in some appropriate sense, so as to have escaped our de- 
tection. As we will see in detail, compactification, where additional dimensions 
are considered to be compact manifolds of a characteristic size R, provides a 
mechanism which can successfully hide them. In the original string-theoretic 
considerations the inverse length 1/R of the extra compact dimensions and 
the string mass Ms turned out to be closely tied to the 4-dimensional Planck 
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mass Mp = 1.9 x 10^^ TeV, with all involved mass scales being of the same 
order. More recent studies, however, have shown |§,^J|,01 that there could still 
be conceivable scenarios of stringy nature where 1/R and Mg may be lowered 
independently of Mp by several or many orders of magnitude. Taking such a re- 
alization to its natural extreme, Ref. Q considers the radical scenario, in which 
Ms is of order TeV and represents the only fundamental scale in the universe 
at which unification of all forces of nature occurs. Thus, the so-called gauge 
hierarchy problem due to the high disparity between the electroweak and the 
4-dimensional Planck scales can be avoided all together, as it does not appear 
right from the beginning. 

Let us now try to understand why n extra dimensions with a large radius 
R can influence gravity. This question is tightly connected to the geometry of 
space-time. At distances small compared to i?, the gravitational potential will 
simply change according to the Gauss law in n + 4 dimensions, i.e. 



mi ma 1 . . 

- 7^ ' (1) 



where r R and Mq is the true gravitational scale to be distinguished from 
the Planck scale Mp. As the distance, at which gravity is probed, becomes much 
larger than R, the potential will again look effectively four dimensional, i.e. 



r>i?, mim2 1 



Matching the two potentials and (||) to give the same answer at r = i?, we 
derive an important relation among the parameters Mp, Mq and R 

Ml = m2+" i?" . (3) 

Hence, the weakness of gravity, observed by today's experiments, is not due to 
the enormity of the Planck scale Mp , but thanks to the presence of a large radius 
R. As a result, the true fundamental gravity scale Mq is determined from ^jand 
is much smaller than Afp. For example, extra dimensions of size 

/Mp J_ rO(lmm), n = 2 

\Mg) Mq \O(10fm), n = 6 ^ > 

are needed for a gravitational scale — typically of the order of a string scale Ms — 
in the TeV range. Therefore, even Cavendish-type experiments may potentially 
test the model by observing deviations from Newton's law at distances smaller 
than a mm. 

This low string-scale effective model could be embedded within e.g. type I 
string theories Q, where the Standard Model (SM) may be described as an in- 
tersection of Dp branes The Dp brane description implies that the SM 
fields do not necessarily feel the presence of all the extra dimension, but are re- 
stricted to some subspace of the full space-time. Especially mm-size dimensions, 
being clearly excluded for the SM by experimental evidence, are probed only 
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by gravity. However, as such intersections may be higher-dimensional as well, in 
addition to gravitons the SM gauge fields could also propagate within at least 
a single extra dimension. Here, the bounds on the compactification radius from 
experimental data are much more severe and R has to be at least as small as an 
inverse TeV. In our introductory notes, we will abandon gravity and concentrate 
on the embedding of the Standard Model in a five dimensional space-time. Our 
main interest is to explain the basic ideas and techniques for constructing this 
kind of theories. 

Note that this limited class of models with low string-scales may result in dif- 
ferent higher-dimensional extensions of the SM [^|j9| , even if gravity is completely 
ignored. Hence, the actual experimental limits on the compactification radius are, 
to some extent, model dependent. In fact, most of the derived phenomenologi- 
cal limits in the literature were obtained by assuming that the SM gauge fields 
propagate all freely in a common higher-dimensional space [p^|JTl] , p^ , p^ , |l4|jr^Jl^ . 
Therefore, towards the end of our notes, we will also discuss the phenomenologi- 
cal consequences of models which minimally depart from the assumption of these 
higher-dimensional scenarios [ pT| . Specifically, we will consider 5-dimensional ex- 
tensions of the SM compactified on an /Z2 orbifold, where the SU(2)i and 
U(l)y gauge bosons may not both live in the same higher-dimensional space, 
the so-called bulk. In all our models, the SM fermions are localized on the 4- 
dimensional subspace, i.e. on a 3-brane or, as it is often simply called, brane. 

The present introductory notes are organized as follows: in Sect, ^we intro- 
duce the basic concepts of higher-dimensional theories in simple Abclian mod- 
els. After compactifying the extra dimension on a particular orbifold, /Z2, 
we obtain an effective 4-dimensional theory, which in addition to the usual SM 
states contains infinite towers of massive Kaluza-Klein (KK) states of the higher- 
dimensional gauge fields. In particular, we consider the question how to consis- 
tently quantize the higher-dimensional models under study in the so-called i?^ 
gauge. Such a quantization procedure can be successfully applied to theories 
that include both Higgs bosons living in the bulk and/or on the brane. After 
briefly discussing how these concepts can be applied to the SM in Sect. |[ we 
turn our attention to the phenomenological aspects of the models of our interest 
in Sect. IJ. For each higher-dimensional model, we calculate the effects of the fifth 
dimension on electrowcak observables and LEP2 cross sections and analyze their 
impact on constraining the compactification scale. Technical details are omitted 
here in favour of introducing the main concepts. A complete discussion, along 
with detailed analytic results and an extensive list of references, is given in our 
paper in ijl^. Finally, we summarize in Sect. I our main results. 

2 5-Dimensional Abelian Models 

As a starting point, let us consider the Lagrangian of 5-dimensional Quantum 
Electrodynamics (5D-QED) given by 



(5) 
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where 



FMN{x,y) = dMAN{x,y) - dNAM{x,y) 



(6) 



denotes the 5-dimensional field strength tensor, and Cqf{x, y) is the gauge- fixing 
term. The Faddeev-Popov ghost terms have been neglected, because the ghosts 
are non-interacting in the Abelian case. Our notation for the Lorentz indices and 
space-time coordinates is: M.N = 1, 2, 3, 5; /x, = 0, 1, 2, 3; a; = a;); and 
y = denotes the coordinate of the additional dimension. 

The structure of the conventional QED Lagrangian is simply carried over to 
the five-dimensional case. The field content of the theory is given by a single 
gauge-boson Am transforming as a vector under the Lorentz group SO (1,4). In 
the absence of the gauge-fixing and ghost terms, the 5D-QED Lagrangian is 
invariant under a U(l) gauge transformation 



Hence, the defining features of conventional QED are present in 5D-QED as well. 

So far, we have treated all the spatial dimensions on the same footing. This is 
certainly an assumption in contradiction not only to experimental evidence but 
also to our daily experience. There has to be a mechanism in the theory which 
hides the additional dimension at low energies. As we will see in the following, 
the simplest approach accomplishing this goal is compactification, i.e., replace 
the infinitely extended extra dimension by a compact object. 

A simple compact one dimensional manifold is a circle, denoted by S^, with 
radius R. Asking for an additional refiection symmetry Z2 with respect to the 
origin y = 0, one is led to the orbifold /Z^ which turns out to be especially well 
suited for higher dimensional physics. Thus, we consider the extra dimensional 
coordinate y to run only from to 2ttR where these two points are identified. 
Moreover, according to the Z2 symmetry, y and —y = ^ir — y can be identified 
in a certain sense: knowing the field content for the segment y G [0, tt] implies 
the knowledge of the whole system. For that reason, the fixed points y = 
and y = TT, which do not transform under Z2, are also called boundaries of the 
orbifold. 

The compactification on S'^ jZ^ reflects itself in certain restrictions for the 
fields. In order not to spoil the above property of gauge symmetry, we demand 
the fields to satisfy the following equalities: 



Am{x, y) Am{x, y) + dMO{x, y) . 



(7) 



AM{x,y) = AM{x,y + 2TrR) 
Af,{x,y) = Ai^{x,-y) , 
A5ix,y) = -A5{x,-y) , 
Oix,y) = 0{x,y + 2TrR), 
0{x,y) = 0{x,-y). 



(8) 



The field An{x,y) is taken to be even under Z2, so as to embed conventional 
QED with a massless photon into our 5D-QED, as we will see below. Notice that 
the reflection properties of the field A5{x,y) and the gauge parameter 0{x,y) 
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under Z2 in (^) follow automatically if the theory is to remain gauge invariant 
after compactification. 

Making the periodicity and reflection properties of and Q in (^) explicit, 
we can expand these quantities in Fourier series 



e{x,y) 



1 



V2^ 
1 



V2^ 



6(0) (x) + 



E 

CO 



1 



'ttR 



(9) 



The Fourier coefficients A^^^{x) are the so-called Kaluza-Klein (KK) modes. The 
extra component of the gauge field is odd under the reflection symmetry and its 
expansion is given by 



E 

n=l 



(10) 



Note that there is no zero mode, a phenomenologically important fact, as we 
will see below. 

At this point, the theory is again formulated entirely in terms of four-dimen- 
sional fields, the KK modes. All the dependence of the Lagrangian density on 
the extra coordinate y is parameterized with simple Fourier functions. Finally, 
the physics is dictated by the Lagrangian anyway, not by its density, thus, one 
can go one step further and completely remove the explicit y dependence of the 
Lagrangian by integrating out the extra dimension. From now on, the quantity 
of interest will be 



C{x) 



27r_R, 



dy C{x,y) . 



(11) 



All the higher-dimensional physics is reflected by the infinite tower of KK modes 
for each field component. A simple calculation yields the 4-dimensional La- 



grangian 



00 

c{x)=--f^,,,^fi;'; + y: 



_ TP jptil' 

4 ^(n)tiv 



(12) 



where Cq-p{x) is defined in analogy to (O 



The first term in (|T^ represents 
Note that all the other vector 



conventional QED involving the massless field A^^^ 
excitations A^_^-^ from the infinite tower of KK modes come with mass terms, their 
mass being an integer multiple of the inverse compactification radius. Therefore, 
a small radius leads to a large mass or compactification scale M = 1/i? in 
the model. It is this large scale which is responsible for the fact that an extra 
dimension, as it may exist, has not yet been discovered. The extra dimension is, 
so to speak, hidden by its compactness. 
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Note that it is the absence of A^^^ due to the odd symmetry of A?{x^y) 
which allows us to recover conventional QED in the low energy limit of the 
model. For n > 1, the KK tower A^^-j for the additional component of the five 
dimensional vector field mixes with the vector modes. The modes ^(„): being 
scalars with respect to the four dimensional Lorentz group, play the role of 
the would-be Goldstone modes in a non-linear realization of an Abelian Higgs 
model, in which the corresponding Higgs fields are taken to be infinitely massive. 
Thus, one is tempted to view the mass generation for the heavy KK modes by 
compactification as a kind of geometric Higgs mechanism. Note, moreover, that 
the Lagrangian (12) is still manifestly gauge invariant under the transformation 
(0) which in terms of the KK modes reads 



^(n)M(2;) ~* ^(n)p(a;) + C'p6'(„)(x) , 
71 

\n)^(x) A(„)5(a;) - — 6'(„)(a;) . 



(13) 



The above observations motivate us to seek for a higher-dimensional general- 
ization of 't-Hooft's gauge- fixing condition, for which the mixing terms bilinear in 
A^^j^ and A^^^ are eliminated from the effective 4-dimensional Lagrangian (|l2|). 
Taking advantage of the fact that orbifold compactification generally breaks 
S0(l,4) invariance []l8| , one can abandon the requirement of covariance of the 
gauge fixing condition with respect to the extra dimension and choose the fol- 
lowing non-covariant generalized gauge |l7| , ^ : 



(14) 



Nevertheless, the gauge-fixing term in ( p^ is still invariant under ordinary 4- 
dimensional Lorentz transformations. Upon integration over the extra dimension, 
all mixing terms in (|l^) drop out up to irrelevant total derivatives. Thus, the 
gauge-fixed four dimensional Lagrangian of the 5-dimensional QED explicitly 
shows the different degrees of freedom in the model. It reads 



L(x) 



4^(0)^'^ ^(0) 2^ 



oo 



1 P pA"' 
(n)A"' (n) 



1 / n \2 



(^r) 



- (5^^(„)5) (5^^(„)5) 



2i 



(a^A(„) 



\i (^) A")5^ 



(15) 



Gauge fixed QED is accompanied with a tower of its massive copies. The scalars 
A(n)h with gauge dependent masses resemble the would-be Goldstone bosons 
of an ordinary 4-dimensional Abelian-Higgs model in the i?^ gauge. From this 
Lagrangian, it is obvious that the corresponding propagators take on their usual 
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li '\/\/\/\/\/ V 



" (16) 

Hereafter, we shall refer to the A^^-j fields as Goldstone modes. 

Having defined the appropriate gauge through the gauge-fixing term 
in (|l^), we can recover the usual unitary gauge, in which the Goldstone modes 
decouple from the theory, in the limit $,^00 |2^,^. Thus, for the case at hand, 
we have seen how starting from a non-covariant higher-dimensional gauge-fixing 
condition, we can arrive at the known covariant 4-dimensional gauge after 
compactification. 

Having established a five dimensional gauge sector, we can now introduce 
fermions in the model. This is possible in the same spirit followed for the gauge 
field, leading to bulk fermions, i.e. fermions propagating into the extra dimen- 
sion j^Jl^,^. However, it turns out, that there is an even easier and phenomeno- 
logically challenging alternative to this approach. Moreover, problems with chi- 
ral fermions in five dimensions, to be included in more realistic theories, can be 
avoided. The /Z2 orbifold, as noted above, has the peculiar feature that there 
are fixed points y = and y = tt not transforming under the Z2 symmetry. These 
special points can be considered as so-called branes hosting localized fields which 
cannot penetrate the extra dimension. This concept can be easily formalized by 
introducing a ^-function in the Lagrangian for the fermions, i.e. 

C^ix, v) = 5{v) W[x) [i 7^ - mj) W{x) , (17) 

where the covariant derivative 

D^, = d^, + ie^A^,{x,y) (18) 

contains the bulk gauge field and 65 denotes the coupling constant of 5D-QED. 
The obvious generalization for the usual gauge-transformation properties of 
fermion fields reads 

(^/(a;) -> exp(-i 6561(2;, 0)) If (x) . (19) 

Again integrating out the fifth dimension, we are left with an effective four 
dimensional interaction Lagrangian 

coupling all the KK modes to the fermion field on the brane. The coupling 
constant e = 65 / v27rR is the QED coupling constant as measured by experiment. 
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Photon vertex: 



KK vertices: 




Fig. 1. Feynman rules for the vertices in 5D-QED 

The factor \/2 in ( po|) is a typical enhancement factor for the coupling of brane 
fields to heavy KK modes. Note that the scaler modes A^^^ do not couple at all to 
brane fermions because their wave functions vanish at y = according to the odd 
^2-symmetry. These interaction terms together with completely standard kinetic 
terms for the fermion field complete 5D-QED. The corresponding Feynman rules 
for the electron-photon vertex and the analogous interaction of the KK modes 
are shown in Fig. ^ 

If nature were described by QED up to energies probed so far by experiment 
an experimental signature of this five dimensional extension would be, e.g., a 
series of s-channel resonances in muon-pair production at an e^e~-collider as 
shown in Fig. ||. Even though nature is not described by QED only, the generic 
signatures of extra dimensions are quite similar to those in more realistic theories. 

The above quantization procedure can now be extended to more elaborate 
higher-dimensional models. If we want to extend the Standard Model by an 
extra dimension we have to understand spontaneous symmetry breaking in this 
context. Hence, adding a Higgs scalar in the bulk, the 5D Lagrangian of the 
theory reads 

C{x,y) = -^f'^^'Fmn + iDM<Pr{D''<P) - Vi-P) + CGF{x,y) , (21) 

where Dm again denotes the covariant derivative (|l8|), 65 the 5-dimensional 
gauge coupling, 

^ix,y) = —{h{x,y) + ixix,y)) (22) 
a 5-dimensional complex scalar field, and 

V{<P) = fil |<?p -I- As |<?|4 (23) 



(with A5 > 0) the 5-dimensional Higgs potential. We consider (I>{x^y) to be even 
under Z2, perform a corresponding Fourier decomposition, and integrate over y 
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-8 ^ - 

1 2 3 4 5 6 

energy in units of 

Fig. 2. Total cross section for e'^e~ fJ-^ fJ-^ as a function of center-of-mass energy 
on a logarithmic scale. The width of the KK modes has been reasonably approximated 



to obtain 



oo 



2 

ri=0 



(24) 

For fi^ = < 0, as in the usual 4-dimensional case, the zero KK Higgs mode 
acquires a non- vanishing vacuum expectation value (VEV) which breaks the U(l) 
symmetry. Moreover, it can be shown that as long as the phenomenologically 
relevant condition v < 1/R is met, /i(o) will be the only mode to receive a 
non-zero VEV 

{h(^o))=v = V2vri?|/i5|VA5 ■ (25) 

The VEV introduces an additional mass term for each KK mode of the gauge 
fields. The zero mode turns from a massless to a massive degree of freedom, as 
usual for the Higgs mechanism. All the higher KK masses are slightly shifted. The 
gauge and self interactions of the Higgs fields, omitted in (^), only involve bulk 
fields, in contrast to the photon-fermion interaction introduced before. Although 
this leads to interesting effects we postpone their discussion until Sect. |^ where we 
investigate the phenomenologically more interesting gauge-boson self-couplings. 
After spontaneous symmetry breaking, it is instructive to introduce the fields 
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where again e = e^/ \/2t:R, and the orthogonal hncar combinations a(„). In the 
effective kinetic Lagrangian of the theory for the n-KK mode {n > 0) 

/-W/^N _ „ 1 pM'^ ^ 
'^kinl-^/' — ^ ^(n) -^(n)^"' 

+ ^ (»7lA(n) + ^^^(n)) (rnA(«) ^fn) + 9^ G (n)) (27) 

+ ^ (5;.a(„)) (a^a(„)) - ^™a(n)a(„) + ••• , 

G'(„) now plays the role of a Goldstone mode in an Abelian Higgs model. Both, 
^(„)5 and X(n) take part in the mass generation for the heavy KK modes and, 
therefore, they are also mixed in the corresponding Goldstone mode. Because the 
mass contribution from spontaneous symmetry breaking is expected to be small 
compared to the KK masses, the Goldstone modes are dominated by the extra 
component of the gauge field. The pseudoscalar field a(„) describes an additional 
physical KK excitation degenerate in mass with the KK gauge mode A(„-)^, i.e. 



m:,„, = mji(„) = [n'/R') + e'v' . (28) 



The spectrum of the zero KK modes is simply identical to that of a conventional 
Abelian Higgs model, as it should be if we are to rediscover known physics in the 
low energy limit. It becomes clear that the appropriate gauge-fixing Lagrangian 
in (|2l|) for a 5-dimensional generalized i?^-gauge should be 



(29) 



All the mixing terms are removed and we again arrive at the standard kinetic 
Lagrangian for massive gauge bosons and the corresponding would-be Goldstone 
modes 



+ i(a^G(„))(a^G(„)) - |mi(„)G^„) 
The CP-odd scalar modes a(„-) and the Higgs KK-modes h(^n) with mass 



(30) 



TO/.(„) = VRTrT+wT^ (31) 

are not affected by the gauge fixing procedure. Observe finally that the limit 
^ — > cxD consistently corresponds to the unitary gauge. 
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As a qualitatively different way of implementing the Higgs sector in a higher- 
dimensional Abelian model, we can localize the Higgs field at the y ^ boundary 
of the jZi orbifold, following the example of the fermions in 5D-QED. Intro- 
ducing the appropriate 5-function in the 5-dimensional Lagrangian, this amounts 
to 

= - \f''''' Fmn + m [(i^p<?)*P^f) - F(<?)]-f/:GF(x,y), (32) 

where the covariant derivative is given by (^8|) and the Higgs potential has 
its familiar 4-dimensional form. Because the Higgs potential is effectively four 
dimensional the Higgs field, not having KK excitations as a brane field, acquires 
the usual VEV. Notice that the bulk scalar field ^5(0;,?/), as a result of its odd 
Z2-parity, does not couple to the Higgs sector on a brane. 

After compactification and integration over the y-dimension, spontaneous 
symmetry breaking again generates masses for all the KK gauge modes ^('„)- 
However, the mass matrix for the simple Fourier modes in (^ is no longer diag- 
onal because of the 5- function in (p3). Instead, it is given by 



Ml 



I \/2to2 \/2m2 •••\ 

\/2m2 2m2 + (l/i?)2 2rr? 



(33) 



where m = ev. Therefore, the Fourier modes are no longer mass eigenstates. By 
diagonalization of the mass matrix the mass eigenvalues of the KK mass 
eigenstates are found to obey the transcendental equation 

m(„) — 7rm^ i? cot (7rm(„) i?) . (34) 

Hence, the zero-mode mass eigenvalues are slightly shifted from what we expect 
in a 4D model. An approximate calculation, to first order in m^/A/^, yields 



[^'YJp) ^^^^ 

The respective KK mass eigenstates can also be calculated analytically. They 
are given by 

The couplings of these mass eigenstates to fermions will be slightly shifted with 
respect to the couplings of the Fourier modes in (|20|). To be specific, the inter- 
action Lagrangian can be parameterized by 

00 

Ant = -^7pfE (37) 

n=0 
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where the coupHngs e(„) of the different mass eigenstates are given by 



; — / lit o III' lit \ ^\ 

\ (") (") / 



For example, the shift in the zero mode couphng is approximately given by 



3(0) 



TT m 

y M2 



e . (39) 



Here, in the Abelian model, the shifts in masses and couplings may seem to be 
a mere matter of redefinition of the measured masses and coupling in terms of 
the fundamental constants of the 5D-theory. However, they lead to important 
phenomenological implications in the context of the higher-dimensional Standard 
Model, where the various couplings are affected differently, as we will see below. 

To find the appropriate form of the gauge-fixing term Cqy'{x, y) in (|3^), we 
follow ([2S|), but restrict the scalar field x to the brane ?/ = 0, viz. 

CGY{x,y) = -Y^[dt^A^ - e(95A + e,vx5{y))]\ (40) 

As is expected from a generalized i?^ gauge, all mixing terms of the gauge modes 
A^^-^ with A^n)5 and x disappear up to total derivatives if 5(0) is appropriately in- 
terpreted on jZ^. Determining the unphysical mass spectrum of the Goldstone 
modes, we find a one-to-one correspondence of each physical vector mode of mass 
m(„) to an unphysical Goldstone mode with gauge-dependent mass ^(n). In 
the unitary gauge ^ — > oo, the would-be Goldstone modes are absent from the 
theory. The present brane-Higgs model does not predict other KK massive scalars 
apart from the physical Higgs boson h. 

At this point, we cannot decide by any means which of the two possibilities 
for the Higgs sector, brane or bulk Higgs fields, could be reahzed in nature. Thus, 
we have to be ready to analyze both of them phenomenologically when we move 
on to SM extensions. 



3 5-Dimensional Extensions of the Standard Model 

It is a straightforward exercise to generalize the ideas introduced in Sect. ^ for 
non- Abelian theories 

L{x,y)^~-Fl,^F'^^''' ^8{y)nx){^rD^-m^)^{x) 

4 (41) 

+ £h + -CgF + ^FP , 

where the field strength for the non- Abelian gauge field of a group with structure 
constants /'^'"^ and coupling constant is given by 

Fli^ = dMA% - dnAli + g^r'^AX.A-N ■ (42) 
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Compactification, spontaneous symmetry breaking and gauge fixing p^ , p3| are 
very analogous to the Abehan case and the non-decoupUng ghost sector can be 
easily included |Q. Hence, in the effective 4D theory, we arrive at a particle 
spectrum being similar to the Abelian case. 

In addition, the self-interactions of the gauge bosons, induced by the bilinear 
terms in the non- Abelian field strength (^) , lead to self-interactions of the KK 
modes which are restricted by selection rules, i.e., there are certain conditions 
for the KK numbers to be obeyed at each triple and quartic gauge-boson vertex. 
This is a general feature for interactions in which only bulk modes take part. A 
brane completely breaks the translational invariance of the orbifold and, thus, a 
brane field can couple to any bulk mode. In contrast, interactions between bulk 
fields obey a kind of quasi-momentum conservation with respect to the extra 
dimension, reflecting the special structure of the /Z2 orbifold and leading to 
the selection rules. The corresponding Feynman rules are displayed in Fig. |[ 
The selection rules are enforced by the prefactors 

(43) 

where Sij denotes a standard Kronecker symbol. 6k.i^m,n and 5k^i^m,n are defined 
analogously. 

At this point, we have considered all the important generic aspects of higher- 
dimensional theories. Therefore, we can now turn our attention to the theory 
we are really interested in, the electroweak sector of the Standard Model. Its 
gauge structure SU(2)i(8)U(l)y opens up several possibilities for 5-dimensional 
extensions, because the SU(2)i and U(l)y gauge fields do not necessarily both 
propagate in the extra dimension. As the fermion or Higgs fields we encountered 
before, one of the gauge groups can be confined to a brane at y = 0. Such a 
realization of a higher-dimensional model may be encountered within specific 
stringy frameworks |^,^. 

However, in the most frequently investigated scenario, SU(2)i and U(l)y 
gauge fields live in the bulk of the extra dimension (bulk-bulk model). The 
Lagrangian is simply an application of ( p] ) to the Standard Model gauge groups. 
Here, it is possible, even before integrating out the extra dimension, to choose 
a basis for the fields, where the photon and Z-boson fields become explicit. The 
photon sector resembles exactly the 5D-QED discussed in Sect. ||, while for the 
Z boson and its KK modes spontaneous symmetry breaking leads to the effects 
also presented in Sect. ||. In the bulk-bulk model, both a localized (brane) and a 
5-dimensional (bulk) Higgs doublet can be included in the theory. For generality, 
we will consider a 2-doublet Higgs model, where the one Higgs field propagates 
in the fifth dimension, while the other one ^2 is localized. The phenomenology 
presented in these notes is not sensitive to details of the Higgs potential but only 
to their vacuum expectation values vi and V2, or equivalently to tan/3 — V2/V1 
and = -f u|. Hence, (3 is the only additional free parameter introduced in 
the model. 
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a, //. 



3-boson vertex: 



vertex with 1 scalar: 




/ J \ (<5t,o+<5l,o+'5m,o+l) 



(l)(7Sy 



\ (<5|,o+l) ~ 



vertex with 2 scalars: ywvw c, /i 



/ 1 N (4,0 + 1) 



4-boson vertex: 




(4,o+'5l,o+'5m,o+'5n,o+2) 



d, a 



a, a c 

vertex with 2 scalars: ^Zj; 

(m) ^\ 

h, V d 



jace jbde ^ gl^" gP" — gl'" g"P 
jade jbce ^ gl"^ gP" _ gPPg"" 



/ . \ (*t,0+'5n,0) - 
g/jiy 2 Jace jhde Jade jbce j 



Fig. 3. Feynman rules for the triple and quartic gauge boson couplings. The scalar 
modes correspond to the extra component of the higher-dimensional gauge fields. As 
in the Abelian model, they are would-be Goldstone modes and can be gauged away in 
unitary gauge. In parenthesis, the KK number of the interacting modes is shown. The 
selection rules are enforced by the prefactors defined in ( ^ ) 
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The chiral structure of the Standard Model can be easily incorporated as 
long as one only considers fermions restricted to a brane. A simple extension of 
(|0|) leads to 

OO 

Antlx) ^ gWjf" + *'(Ao)m + ^/2 ^A(„)^) , (44) 

n=l 

where generically denotes some gauge boson and g the respective couphng 
constant. The coupling parameters gy and qa are set by the electroweak quan- 
tum numbers of the fermions and receive their SM values. Because the KK mass 
eigenmodes A^^^ generally differ from the Fourier modes ^^^^ in (^4|), as we 
have seen before, their couplings to fermions gv{n) and gA{n) have to be indi- 
vidually calculated for each model. The photon and its possible KK modes are 
not affected by spontaneous symmetry breaking and keep their simple couplings, 
already presented in Fig. |^. For the bulk-bulk model, the shifts in the vector and 
axial-vector couplings of the Z boson are actually the same, such that it is suf- 
ficient to replace the SU(2) coupling constant g by gz(n) for each KK mode, in 
analogy to the Abelian Higgs model. The mass generation in the Yukawa sector, 
involving brane fermions, hardly changes at all. 

An even more minimal 5-dimensional extension of electroweak physics con- 
stitutes a model in which only the U(l)y -sector feels the extra dimension while 
the SU(2)i, gauge fields are localized at y = (brane-bulk model). It is described 
by the Lagrangian 



4 



(45) 



where 'P denotes the Standard Model Higgs doublet on the brane and the co- 
variant derivative 

= ~ tgA';,{x)T^ -t^-^B,,{x,y) (46) 

involves a brane as well as a bulk field. The W bosons are brane fields and their 
physics is completely SM-like. In this case, the Higgs field being charged with 
respect to both gauge groups has to be localized at y = in order to preserve 
gauge invariance of the (classical) Lagrangian. A gauge field on the brane can- 
not compensate the variation of a Higgs field under gauge transformations in the 
whole bulk. For the same reason, a bulk Higgs is forbidden in the third possible 
model in which U(l)y is localized while SU(2)i propagates in the fifth dimension 
(bulk-brane model), i.e., the gauge groups interchange their role. Consequently, 
the W bosons are bulk fields and are described in analogy to the models dis- 
cussed in Sect. |^. In both models, after spontaneous symmetry breaking, there is 
a single massless gauge field protected by the residual unbroken gauge symme- 
try, the photon. A second light neutral mode can be identified with the Z boson. 
However, in contrast to the bulk-bulk model, there is only a single neutral tower 
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0.2 0.4 0.6 0.8 1 



sin" ,3 

Fig. 4. Lower bounds on M — 1/R (in TeV) from different observables at the 3cr 
confidence level for the bulk-bulk model 



of heavy KK modes. Up to small admixtures due to the brane VEV (see Sect. 
H), it mainly contains the U(1)y or the neutral SU(2)l gauge field, respectively. 
Nevertheless, for simplicity, we will refer to it as Z-boson KK tower. Note, how- 
ever, that gv{n) and gA{n) in (0) are affected differently for the Z-boson and its 
KK modes. Most easily they are parameterized by introducing effective quantum 
numbers T^(n) and (5(„) to absorb all the higher-dimensional effects. 

After the setup of all the models, we can finally turn our attention to the 
actual predictions of higher-dimensional theories for experiment. 



4 Effects on Electroweak Observables 

In this section, we will concentrate on the phenomenology and present bounds 
on the compactification scale M = 1/R of minimal higher-dimensional exten- 
sions of the SM, calculated by analyzing a large number of observables. To be 
specific, we proceed as follows. We relate the SM prediction [§J,|5| for an 
observable to the prediction 0HDSM ^^j. same observable obtained in the 
higher-dimensional SM under investigation through 

0HDSM ^ (^SM ^ ^HDSM^ _ (47) 

Here, A^^^^ is the tree-level modification of a given observable O from its SM 
value due to the presence of one extra dimension. The tree-level modifications 
can be expanded in powers of the typical scale factor 

X = 1 . (48) 

We work to first order in X being a very good approximation for phcnomeno- 
logically viable compactification scales in the TeV region. On the other hand. 



An Introduction to 5-Dimensional Extensions of tlie Standard Model 



17 



Table 1. Lower bounds on AI — 1/R (in TeV) at tlie 3a confidence level for the 
brane-bulk and bulk-brane models 



Observable U(l)y in bulk SU(2)i in bulk 



mw 


1.2 


1.2 


rz(had) 


0.8 


2.3 


Qw{Cs) 


0.4 


0.8 


A(0,b) 


4.4 


2.4 


Ar 


2.5 


1.4 


Rr 


1.0 


0.5 


global analysis 


3.5 


2.6 



to enable a direct comparison of our predictions with precise data ||24| , P5[ , we 
include SM radiative corrections to O^^. However, we neglect SM- as well as 
KK-loop contributions to zi™^'^ as higher order effects. 

As input SM parameters for our numerical predictions, we choose the most 
accurately measured ones, namely the Z-boson mass mz, the electromagnetic 
fine structure constant a, and the Fermi constant Gp- While a is not affected 
in the models under study, mz = 'mz(o)j the mass of the lightest mode in 
the Z boson KK tower, generally deviates from its SM form, where we have 
— -\/(7^ + g'^ v/2 at tree level. To first order in X , mz may be parameterized 

by 

mz = mf^ { \ + AzX) , (49) 

where Az is a model-dependent parameter. For the bulk-bulk, brane-bulk and 
bulk-brane models with respect to the SU(2)i and U(l)y gauge groups, Az is 
given by 

Az = 1^-^ sin^ P , - ^ sin^ Ow , - ^ cos^ 9w | , (50) 

where 0w is an effective weak mixing angle to be introduced below in ( p2| ) . These 
shifts in the Z-boson mass are induced by the VEV of a brane Higgs. 

The Fermi constant Gp, as determined by the muon lifetime, may receive 
additional direct contributions due to KK states mediating the muon decay. We 
may account for this modification of Gf by writing 

Gf = Gf^ {1 + AgX) , (51) 

where Aq is again model-dependent and has to be calculated consistently to 
first order in X. 

The relation between the weak mixing angle 9w and the input variables is 
also affected by the fifth dimension. Hence, it is useful to define an effective 
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Table 2. Lower bounds (in TeV) on the compactification scale Af = 1/_R at 2a, 3a" 
and 5(7 confidence levels from combined precision observables 



model 


2(7 


3(7 


5(7 


SU(2)L-brane, U(l)y-bulk 


4.3 


3.5 


2.7 


SU(2)L-bulk, U(l)i'-brane 


3.0 


2.6 


2.1 


SU(2)L-bulk, U(l)y-bulk 
(brane Higgs) 


4.7 


4.0 


3.1 


SU(2)L-bulk, U(l)y-bulk 
(bulk Higgs) 


4.6 


3.8 


3.0 



mixing angle 9w by 

sin^ 6w = sin^ Ow {I + AqX) , (52) 
such that the effective angle still fulfills the tree-level relation 

Gf - — ^ T ' (53) 

\/2sin 9 w cos^ Ow "niz 

of the Standard Model. 

For the tree-level calculation of Z\™^'^, we have to carefully consider the 
effects from mixing of the Fourier modes on the masses of the Standard-Model 
gauge bosons as well as on their couplings to fermions. In addition, we have to 
keep in mind that the mass spectrum of the KK gauge bosons also depends on 
the model under consideration. 

Within the framework outlined above, we first compute A^^^^ for the fol- 
lowing high precision observables to first order in X: the VK-boson mass mw, the 
Z-boson invisible width FzivV), Z-boson leptonic widths Fzil'^l^), the Z-boson 
hadronic width Fz {had), the weak charge of cesium Qw measuring atomic parity 
violation, various ratios Ri and Rq involving partial Z-boson widths, fermionic 
asymmetries ^/ at the Z pole, and various fermionic forward-backward asym- 
metries Ap^^\ For example, for the invisible Z width Fz{vv) we obtain 



/iHDSM 



sin^^VF (sin^/3 - l)^ - 1 for the bulk-bulk model, 

— siT?9w for the brane-bulk model, (54) 

— cos^Ow for the bulk-brane model. 
Employing the results for ASp^^ and calculating all the electroweak observ- 



ables considered in our analysis by virtue of (47), we confront these predictions 
with the respective experimental results. We can either test each variable indi- 
vidually or perform a test to obtain combined bounds on the compactification 
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model 

SU(2)L-brane, U(l)y-bulk 

SU(2)L-bulk, U(l)y-brane 

SU(2)i,-bulk, U(l)y-bulk 
(brane Higgs) 

SU(2)i,-bulk, U(l)y-bulk 
(bulk Higgs) 



/i /i T T hadrons e 

2.0 2.0 2.6 3.0 

1.5 1.5 4.7 2.0 

2.5 2.5 5.4 3.6 

2.5 2.5 5.8 3.5 



scale AI — l/R, where 



x'iR) -1^ ' ' ^ (55) 



i runs over all the observables, and AOi is the combined experimental and 
theoretical error. A compactification radius is considered to be compatible at 
the na confidence level (CL) if x^{R) — Xmin <^ '^^j where Xmin the minimum 
of for a compactification radius in the physical region, i.e. for E? > 0. 

Figure ^ summarizes the lower bounds on the compactification scale M in- 
ferred from different types of observables for the bulk-bulk model. In this model, 
we present the bounds as a function of sin^ /3 parameterizing the Higgs sector. 
In Table 0, we summarize the bounds obtained by our calculations for the two 
bulk-brane models. The bounds from the global analysis at different confidence 
levels are shown in Table The global 2a bounds lie in the 4 ~ 5 TeV region, 
only the bulk-brane model is less restricted. Here, a compactification scale of 
3 TeV cannot be excluded by electroweak precision observables. 

While the precision observables, analyzed so far, are measured at the Z pole 
or even at low energies, LEP2 provides us with data on cross sections at higher 
energies, up to more than 200 GeV. At these energies, the interference terms 
between Standard Model and KK contributions to a process like fermion-pair 
production dominate the higher-dimensional effects. In a first approximation, 
they are only suppressed by a factor of order s/M^, where ^/s is the center- 
of-mass energy, compared to the typical scale factor X of mass mixings and 
coupling shifts. Higher energies naturally lead to more sensitivity with respect to 
a possible fifth dimension [ p6p^p7| . As the simplest example for LEP2 processes, 
let us have a closer look at fermion-pair production. The relevant differential 
cross section for these observables is given at tree level by 
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Table 4. 2cr bounds in TeV inferred from precision observables and LEP2 cross 
sections 



model LEPl LEP2 combined 



SU(2)L-brane, U(l)y-bulk 


4.3 


3.5 


4.7 


SU(2)L-bulk, U(l)y-brane 


3.0 


4.4 


4.3 


SU(2)L-bulk, U(l)y-bulk 
(brane Higgs) 


4.7 


5.4 


6.1 


SU(2)L-bulk, U(l)y-bulk 
(bulk Higgs) 


4.6 


5.7 


6.4 



(56) 

{l-cos9f{\Mli{s)f + \ArJ^{s)\') 



dcose 128 TT 



where 6 is the scattering angle between the incoming electron and the negatively 
charged outgoing fermion, and 

oo / e f \ 

Mliis) ^ V el, + '-^^ . (57) 



(58) 



The couplings and ^^^j-^-, in turn are given by 

9{(n) = 9z{n) ( T3/(„) - Q/(„) sin^ By/ ) , 

9R{n) = 9Z{n) ( -Qf{n) ) ■ 

Tsfin), Qf{n), gz{n), £(„), m2(„) and m^(„), as introduced in Sect. ||, can be 
calculated to first order in X, e.g. from the exact analytic expressions in p7| . 
For Bhabha scattering the i-channel exchange also has to be taken into account, 
however, there are no fundamental differences. The above parameterization for 
the cross section is particularly convenient because it clearly separates the higher- 
dimensional effects from well known physics. All the higher-dimensional physics 
manifests itself in the effective sum of s-channel propagators (^ ) differing with 
respect to the Standard Model. 

From (|5^), we calculate Z\™^'^ for the different fcrmion-pair production 
channels at LEP2 energies and finally the bounds shown in Table ||. In Table ^ 
all the bounds are combined for final lower limits on the compactification scale. 
The bounds for the brane-bulk and the bulk-brane models from LEPl and LEP2 
observables are kind of complementary, such that the combined limit is larger 
than 4 TeV in both models. The compactification scale for the bulk-bulk model, 
no matter where the Higgs lives, is still more restricted to lie above 6 TeV at 
the 2(7 confidence level. 
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5 Conclusions 

The aim of the present notes has been to give an introduction to the model- 
building of low-energy 5-dimensional electroweak models. We have derived step 
by step the corresponding four dimensional theory by compactifying on the orb- 
ifold 5*^/^2 and by integrating out the extra dimension. We have paid special 
attention to consistently quantize the higher-dimensional models in the general- 
ized gauges. The 5-dimensional gauge fixing conditions introduced here 
lead, after compactification, to a 4-dimensional Lagrangian in the standard R^ 
gauge for each KK mode. The latter also clarifies the role of the different degrees 
of freedom. One of the main advantages of our gauge-fixing procedure is that one 
can now derive manifest gauge- independent analytic expressions for the KK-mass 
spectrum of the gauge bosons and for their interactions to the fermionic matter. 
Most importantly, one may even apply an analogous gauge-fixing approach to 
spontaneous symmetry breaking theories. 

To render the topics under discussion more intuitive, we have analyzed all 
the main ideas in simple Abelian toy models. However, we have pointed out how 
to generalize these ideas to new possible 5-dimensional extensions of the SM in 
which the SU(2)l and U(1)y gauge fields and Higgs bosons may or may not all 
experience the presence of the fifth dimension. The fermions in all the models 
are considered to be confined to one of the two boundaries of the /Z2 orbifold. 

After introducing a framework for deriving predictions of possible observ- 
ables, we have given a glimpse of higher-dimensional phenomenology. Electro- 
weak precision observables are considered as well as cross sections for fermion- 
pair production at LEP2. In particular, we have presented bounds on the com- 
pactification scale M = in three different 5-dimensional extensions of the 
SM: (i) the SU(2)L(g)U(l)y-bulk model, where all SM gauge bosons are bulk 
fields; (ii) the SU(2)L-brane, U(l)y-bulk model, where only the W bosons are 
restricted to the brane, and (iii) the SU(2)i-bulk, U(l)Y-brane model, where 
only the U(1)y gauge field is confined to the brane. For the often-discussed first 
model, we find the 2cr lower bounds on M: M > 6.4 and 6.1 TeV, for a Higgs 
boson living in the bulk and on the brane, respectively. For the second and 
third models, the corresponding 2<t lower limits are 4.7 and 4.3 TeV. Hence, the 
bounds for different models can differ significantly. 

Any non-stringy field-theoretic treatment of higher-dimensional theories, as 
the one presented here, involves a number of assumptions. Although the re- 
sults obtained in the higher-dimensional models with one compact dimension 
are convergent at the tree level, they become divergent if more than one ex- 
tra dimensions are considered. Also, the analytic results are ultra-violet (UV) 
divergent at the quantum level, since the higher-dimensional theories are not 
renormalizable. Within a string-theoretic framework, the above UV divergences 
are expected to be regularized by the string mass scale Mg. Therefore, from an 
effective field-theory point of view, the phenomenological predictions will de- 
pend to some extend on the UV cut-off procedure |2^ related to the string 
scale Mg. Nevertheless, assuming validity of perturbation theory, we expect that 
quantum corrections due to extra dimensions will not exceed the 10% level of 
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the tree-level effects we have been studying here. Finally, we have ignored pos- 
sible model-dependent winding-number contributions p9| and radiative brane 
effects that might also affect to some degree our phenomenological predic- 
tions. 

The lower limits on the compactification scale derived by the present global 
analysis indicate that resonant production of the first KK state may be at the 
edge of accessibility at the LHC, at which heavy KK masses up to 6-7 TeV |P,p^ 
might be explored. Hence, the phenomenological analysis has to be carried fur- 
ther in order to be able to discriminate possible higher-dimensional signals from 
other Standard Model extensions. 
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